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Abstract. In this paper, we obtain Grobner-Shirshov (non-commutative Grobner) 
bases for the braid groups in the Birman-Ko-Lee generators enriched by new 
"Garside word" 8 ([2]). It gives a new algorithm for getting the Birman-Ko- 
Lee Normal Form in the braid groups, and thus a new algorithm for solving 
the word problem in these groups. 

1. Introduction 

In 1998, J. Birman, K.H. Ko and S.J. Lee [5] found a new system of generators 
of the n-string braid group B n and used this system to obtain new solutions of the 
word problem and the conjugacy problem. To be more precise, they found a normal 
form of words in the braid group 

B n = 9P{ats,n >t>s> l\a ts a rq = a rq a ts , (t - r)(t - q)(s - r)(s - q) > 0, 

a ts a sr = a tr a ts = a sr a tr ,n >t>s>r>l). 

Recall that the Birman-Ko-Lee generators a ts are the elements 

a ts = (ot-ifltt-2 ■ • • a s +i)a s (a7+i ■ ■ • a t-2 a t-i)i 

where n > t > s > 1 and ai,n — 1 > i > 1 are the Artin generators of B n . 

In the paper [6], a Grobner-Shirshov basis of the semigroup of positive braids 
-B+ in the Artin generators was found. 

In the paper, [7], I found a Grobner-Shirshov basis of the braid group B n in the 
Artin-Garside generators aj, 1 < i < n, A, A~ x , where 

A = A1A2 . . . A„, with Ai = <Zj . . . ai 

(see A.F. Garside 0). 

In this paper, I find a Grobner-Shirshov basis of B n in the Birman-Ko-Lee gen- 
erators enriched by the new " Garside element" 

8 = 0>nn-l a n-ln-2 ■ ■ ■ 0-21 

invented in the same paper [5] . The generators obtained are called the Birman- Ko- 
Lee-Garside generators of the braid group. 

As a corollary of our result, the Composition Lemma ([10], [3], [4], see below) 
immediately implies the Birman-Ko-Lee normal form in the braid group. 
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2. Basic notations and results 

Let us order generators 

S^ 1 < 5 < a ts < a rq iff (t, s) < (r,q) lexicographically. 

We order words in this alphabet in the deg-lex way comparing two words first 
by theirs degrees (lengths) and then lexicographically when the degrees are equal. 
Instead of aij,i > j, we write simply or We also set 

(tm, t m -l, ■ ■ ■ , tl) — (t m , t m -l)(t m -l, t m - 2 ) ■ ■ ■ {t 2 ,t\), 

where tj ^ tj+i, 1 < J < m — 1. 

In this notation, the defining relations of B n can be written as 

(2.1) {hMM) = (h,h,t 3 ) = (ti,t3,t 2 ),t3 > h > h, 

(2.2) (k, l)(i,j) = {i,j){k, l),k>l,i> j, k>i, 

where either k>i>j>l,oik>l>i>j. 
Let us assume the following notation: 

Vj t2)tl] , where n > t 2 > h > 1, 

is a positive word in (fc, I) such that t 2 > k > I > t\. We can use any capital Latin 
letter with indices instead of V, and any appropriate numbers (for example, t 3 ,t 
such that t 3 > to) instead of t 2 , t\. 

We will also use the following notations: 

V[ t2 _ Ml ](i2,£i) = (t 2 ,ti)V[ t2 _ l ti] ,t 2 > h, 

where V[i 2 _ 1)tl] = {V[t 2 -i ttl ])\(k,l)>^(k,l), if / 7 tti;(Mi)~(*2,fc); 

W[t 2 ,ti](*i>*o) = {h,t )Wf t2!ti] ,t 2 >h> t , 

where W* t2M] = (W [t2itl ])|( M ) M(M) , a i^t 1 -,(k,t 1 )^(k,t )- 
Then 

^2-l,«l] = (^it2-l,tl])[«2,tl + l]> 

^fc.ti] = 0*to,ti]W*o] 

Lemma 2.1. Relations 

V[t2-i,ti](*2,*i) = (t2,ti)V[t 2 _ liti] ,i2 > ti, 

V[t 2 -Mi](*l>*o) = (*l,*o)V£ 2 _i )tl ],*l > io, 

imply 

((^2-i,ti])*)[t 2 -i,to](*2,to) = (*2,£o)V[t 2 _ Ml] ,so ((Vj( 2 _ litl] )[ t2 _i >to ])' = V[t 2 _ ljti] ; 

means that in the previous notations 
((Vfo- Ml ])% 2 - Mo] = V[; 2 _ litl]) or V*' - V /or s/*ort . 

Proof. We have the following letter transformations Vjt 2 _i )tl ] — > (Vji 2 -i,ti])* ~ * 
(( V it2-i,«i])*)[t 2 ,t ] : 

(k,l)(t 2 -l > fe >Z >ti) i-» (fc,Z) i ^ (fc,0;(Mi)(*2-l > fc > ti) >-> (fc,i ) i > (t 2 ,fe). 

□ 
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Lemma 2.2. Let t m > t m -\ > ■ ■ ■ > t\. Then 

(tm, tm-l, ■ ■ ■ , t\) — (tk, ... ,t\, t m , . . . , tk+l) 

for any 1 < k < m. 

Proof. For m = 2, the statement is provided by definition. Let us proceed by 
induction on m > 3. For m = 3, these are defining relations. 

(m — 1) => m, m > 4. 

Use the induction on k > 1. 

k = 1: 

(tm , ■ • ■ ,t\) — (^m 5 tm—1 ) (tm — 1 j • • • } ^l) — (^m 7 ^m — 1 ) (^T ) tm— 1 > • * * j ^2 ) 
(im, im-l)(^lj i-m-ljv^m-l) ■ ■ ■ j ^2) = (im, t m -\, ti)(t m -i, ■ . . , £2) = 
(^1, ^m, ^m-l)(im-l7 ■ • ■ , £2) = (t\,t m , tm-l, ■ ■ ■ ^2). 

fc=*> + 1): 

(t m , . . . , ii) = (ife, . . . , tx, i m , . . . , i/c+i) = (tfc, . . . , ii)(ti,i m , . . • , ife+i) = 
(tk, ■ ■ ■ , ti)(tk+i,ti,t m , . . . , ifc+2) = (</£,..., ii)(tfc+i , ti)(ti, t m , • • ■ , tk+2) = 
(tk, ■ ■ ■ , ti)(ti, tk+i)(t\,t m , . . . , tk+2) = (tk, ■ ■ ■ , t\, tk+i)(ti, t m , . . . , tk+2) = 

(tk+l, tk, ■ ■ ■ , tl)(ti,t m , . . . , tk+2) = (tk+l, ■ ■ ■ , tl,t m , . . . , tk+2)- 

a 

Lemma 2.3. Let t 3 > t2 > t\. Then 

(t 3 ,*2,*i) = (ta,ti)(t3,ti). 

Proof. 

(h,t 2 ,h) = (t2,h,t 3 ) = (t 2 ,ii)(ti,t 3 ) = (t a ,ti)(*3,ti). 

□ 

Lemma 2.4. Le£ i > £3 > £2 > £i,£2 > s. T/ien 

(2.3) (* s *)(*a s ti)(*3 s *i) = (*3,*2)(* s *)(*a,ti), 

(2.4) (*3,s)(t2,*l)(t3,*l) = {t2,s)(t 3 ,s)(t2,tl). 

Proof. We have 

(t,a)(t 2 ,tl)(t 3 ,tl) = (t,s)(t 3 ,t2,h) = (t,«)(t 3> t2)(*2,*l) = (*3,t2)(t,«)(*2,tl), 
(*3,*)(t2,*l)(*3,tl) = (*3,s)(*3,*2,tl) = (t 3 ,s)(t 3 ,t 2 ){t2,h) = (t 2s «)(*3, «)(*2,*l). 

□ 

Lemma 2.5. (Lemma 2.3.LLL, Let n > t > s > 1. TTien 

(*,*)£ = £(t+ 1, a + 1), 
where t + 1, s + 1 are defined mod n. 

Proof. We state the proof to make the exposition complete. Our proof is different 
from the one from [2]. Also, the cases n = iors = lin the proof of Lemma 2. 3. Ill, 
[2] were given for readers. 
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Let t = n, s = 1: 

(n, 1)(2, 1) . . . (n, 1) - (n, l)(n, n - l)(n - 1, . . . , 1) = (n - 1, l)(n, l)(n - 1, . . . , 1) = 

(n - 1, l)(n - 1, . . . , 2)(n, 1)(2, 1) = (1, n - 1, . . . , 2)(n, 1)(2, 1) = (n - 1, . . . , l)(n, 1)(2, 1) = 

(2,l)...(n,l)(2,l). 

Let t = n. If s = ra — 1, then 

(n,n- l)(2,l)...(n- 2,l)(n- l,l)(n,l) = (2,1) . . . (n - 2, l)(n,ra - l)(n - 1, l)(n, 1) = 
(2, 1) . . . (n - 2, l)(n - 1, l)(n, l)(n, 1) = 5(n, 1). 

Take 1 < s < n — 1, then 

(n, «)(2, 1) ... (s - 1, 1) . . . (n, 1) = (2, 1) ... (s - 1, l)(n, «)(*, 1) . . . (n, 1) = 

(2,l)...(«-l)(«,l)(n,l)(s + l,l)...(n,l) = 

(2, 1) . . . (s, l)(n, + 1, 1) ... (n - 1, l)(n, 1) = 

(2, 1) . . . (s, l)(n, + 1, 1) ... (n - 2, l)(n,n - l)(n - 1, 1) = 

(2, 1) . . . (s, l)(n, l)(n, n - + 1, 1) . . . (n - 1, 1) = 

(2,l)...(s,l)(n,l)(n-l,n-2,...,a + l,l) = 

(2, 1) . . . (s, l)(n - 1, l)(n, + 1, 1) . . . (n - 1, 1) = 

(2, 1) . . . (s, l)(n - 1, l)(n, l)(n - 1, . . . , s + 1, 1) = 

(2, 1) . . . (s, l)(n - 1, l)(n - l,n - 2)(n - 2, n - 3) . . . (s + 2, s + l)(n, l)(s + 1, 1) = 
(2, 1) . . . (s, l)(s + 1, 1) . . . (n - 1, l)(n, + 1, 1) = «(s + 1, 1), 

where we use (n— 1, l)(n— 1, n— 2)(n— 2, n— 3) . . . (s+2, s+1) = (1, n— 1, . . . , s+1) = 
(n - 1, . . . , s + 1, 1) = (s + 1, 1) . . . (n - 1, 1). 

Now let f < n. 

s = 1: 

(t, 1)5 = (t,l)(n,...,t+ 1, 1) = (t,l)(i,...,l)(l,n,...,t+l) - 

(t, . . . , 2)(2, l)(n, . . . , t + 1, 1) = (1, t, . . . , 2)(2, l)(n, . . . , t + 1, 1) = 

(t, . . . , l)(n, . . . , t + 1)(2, + 1,1) = (*,---, l)(n, • . . , t + l)(t + 1, l)(t + 1,2) = 

(t, . . . , l)(n, . . . , t + 1, l)(t + 1,2) = (2, 1) . . . (t, l)(t + 1,1)... (n, l)(t + 1, 2). 

For n > t > s > 1 we have: 

(t, a)5 = (t, s)(2, 1) ... (s - 1, l)(s, 1) . . . (n, 1) = (2, 1) ... {a - 1, l)(t, «)(«, 1) . . . (n, 1) = 
(2, 1) . . . (,s, l)(t, l)(a + 1,1)... (t, l)(i + 1,1)... (n, 1). 

<5(t + 1, s + 1) = (2, 1) . . . (s, l)(s + 1, 1) . . . (t + 1, + 1, s + + 2, 1) . . . (n, 1) = 
(2, 1) . . . (s, l)(s + 1,1)... (t, l)(s + 1, l)(t +1,1)... (n, 1). 

So we need to prove that 



(t, + 1, 1) . . . (t, 1) = (a + 1, 1) . . . (t, + 1, 1). 
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We have 

(t,l)(«+l,l)...(t,l) = + = 

(t, l)(t, t - l)(t - 1, . . . , fl + 1, 1) = (t - 1, l)(t, l)(t - 1, . . . , 8 + 1, 1) = 

(t_l,l)(t-l,..., a + l)(t,l)(s + l,l) = 

(l,t-l,...,S+l)(t,l)(« + l,l). 

(s + 1,1)... (t, l)(a + 1, 1) = (t, t - 1, . . . , s + 1, l)(s + 1, 1) = 
(t-l,...,a+l,l,t)(«+l,l) = (t-l,...,a+l,l)(t,l)(s + l,l). 
We are done. □ 
Lemma 2.6. 

(2.5) (2, 1)V 2 (3, 1) . . . K-i(n, 1) - SV{ . . . K-i, 
where Vi — Vm-iu, 2 < i < (n — 1). 

Proof. □ 
Through the paper, we fix notations 

n > *3 > *2 > tl > !• 

Theorem 2.7. j4 Grobner-Shirshov basis of B n in the Birman-Ko-Lee-Garside 
generators consists of the following relations: 

(2.6) (k,l)(i,j) = (i,j)(k,l),k> l>i>j, 

(2.7) (fc,0Vy_ 1) i](t,i) = (*,i)(fc,0Vb-i,i],* > i> j > I, 

(2.8) {t 3 ,t 2 )(t 2> h) = (t2,ti)(t 3 ,ti), 

(2.9) (t3,tl)Vfo,_l 1 l](t 3 ,t2) = (t2,tl)(t3,*l)V [i2 -l,l]> 

(2.10) 

^s)^ i2 -i 4] (t2,ti)^[ t3 -i, tl ](i3,ti) = (t3,i2)(i,s)V [42 _ 14] (i 2 ,i 1 )^ 3 _ l!ti] , 

(2-11) 

(t3,s)%_ 1 , 1] (t2,tl)%3-l,t 1 ](*3,tl) = (t2,s)(f3,s)^ 3 -l,l](*2,tl)W [ ; 3 _ Mi] , 

(2.12) 

(2, l)F 2 [2,i](3, 1) ■ ••'K l _i[ n _i ) i](n, 1) = tfV^ij . • •K_ 1[n _ M] , 

(2.13) 

(i, s)S = S(t + l,s + 1), (i.s)^ 1 = S' 1 ^ - l,s - 1), ,t ± l,s ± l(mod n) 

(2.14) 

w -1 = i,<y- 1 <y = i, 

where Vvkn means as before any word in (i, j) such that k > i > j > l,t > t$,t2 > s. 

Recall that a subset S of the free algebra k(X) over a field k on X is called 
a Grobner-Shirshov set (basis) if every composition of elements of S is trivial. 
This definition goes back to Shirshov's 1962 paper [TU]. We recall the definition of 
triviality of a composition below. 

For n > t > s > 1 we have (see [2]) 

(n, . . . ,t, s - 1, . . . , l)(t - 1, . . . , s)(t, s) = S. 
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Indeed, (t — 1, . . . , s)(t, s) = (t — 1, . . . , s,t) = (i, . . . , s), (n, . . . ,t, s — 1, . . . , 1) = 
(s — 1, . . . , 1, ri, . . . , t), (s — 1, . . . , 1, n, . . . , t)(t, . . . , s) = 6 (by Lemma l2~2"|) . 

As the result, we do not need the letters (t, s) _1 and the relations (t, s)(t, s) — 1 = 
1, (t, s)~ 1 (t, s) = 1 in the above presentation of the group B n . 

3. Proof of the Theorem 

It is easy to see that formulas (|2.6p - (|2.14j) are valid in B n . 
We need to prove that all compositions of relations (|2.6[) - (|2.14p are trivial. 
By "a word" we will mean a positive word in (i, j), 8; u = v is either the equality 
in _B+ or the graphical equality (the meaning would be clear from the context). 
We use the following notation for words u, v: 

u = v, 

if u can be transformed to v by the eliminations of leading words of relations (|2.6p - 
(|2.14| . i.e., by the eliminations of left parts of these relations. Actually, we will use 
an expansion of this notation meaning that u = v if 

U I— » U\ i— > «2 l— * ■ ■ • l— * Uk = V, 

where Ui < u for all i and each transformation is an application of (|2.6[) — (|2. 14|1 (so, 
in general, only the first transformation u i— » U\ is the elimination of the leading 
word of (l231)- (l2~Tljl 1. 

Another expansion of that formula is 

u = v(mod w) 

meaning that u can be transformed to v as before and all Ui < w, u < w. 

By abuse of notations, we assume that in a word equivalence chain starting with 
a word u, 

U = V = w = t . . . 

each equivalence v = w, w = t, . . . is mod u. 

This agrees with the definition of triviality of a composition (see [3], [4]). Namely, 
a composition (f,g) w is called trivial mod(S,w), if 

(f,g)w = y^^ai^Sibi^iJlbi < w, 

where Si £ S, a^, hi e X*, a.i 6 k. Here k(X) is a free associative algebra over a field 
k on a set X, S c k(X), X* is the set of all words in A, s is the leading monomial 
of a polynomial s. Recall that 

(/> 9)w = fb - ag, w = fb = ag, deg(f) + deg(g) > deg(w), 

or 

(/, g)w = f - agb, w = / = agb. 

are called the compositions of intersection and including respectively. The first 
composition we denote also / A g, the second - /V g. 

Here w is called the ambiguity of the composition (/, g) Wl a, b G X* . 

Let 5* be the set of polynomial corresponding to semigroup relations Ui — Vi,Ui > 
Vi, {f,g) w — u — v is a composition, u,v € X*,u,v < w. The triviality of {f,g) w 
mod(S, w) means that in the previous sense 

u = t(mod w), v = t(mod w) 
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for some word t. Now we need to prove that all compositions of relations (|2.6p - (|2.14j) 
are trivial. 

Recall that we fix order of any integers t 3 , t 2 , t\, 



n>t 3 >t 2 >h> 1. 



We will assume also that 



t 4 > t 3 ,ti > to, S3 > s 2 > Si. 



Any composition (/, g) w has a form 



(f,g)w = -(u - v), 



where fb = w — u,ag = w — v in the case of composition of intersection, and 
/ = w — u, agb = w — v in the case of composition of including. We will use this 
notation freely. 

Let us consider compositions of (|2.6[) with all others relations. We start with 
listening all intersection ambiguities of (|2.6|) : 



$n>§A$ZM(k,l)[i,j){hj l ),k> l>i>j>h>ji, 
(EU) A $HB){t,s){k,l)V [j - 1] (i,j),t> s > k> i> j > I, 
^ /\^M(k,l)V [ ^ 1A] (i,j)(i 1 ,j 1 ),k> i> j >l>n >j u 

(USD a $ZM(k,i)(t 2 ,t 1 )(t 2 ,t 1 ),k> 1 > t 3 , 

HMD A UM(h,t 2 )(t 2 ,ti)(i,j),t 1 >i>j, 

(EH) A !S2)(A! 1 0(*3,ti)^t 3 _i](t3,ta),A! > I > h, 

^MA^M(t 3 ,t 1 )v [t2 _ 1] (t 3 ,t 2 )(i,j),t 1 >i>j, 

$2M A C3DK*,0(*.*)V[t 3 -i,i]( i a.ii)W'[ts-i,*i](*3,ii),* > I > h 

A ^M(t,s)V [t ^ hl] (t 2 ,t 1 )W [t3 ^ htl] (t 3 ,t 1 )(i,j),t> s>t 3 ,ti>i> j, 

(E3D a $rn$(k,i)(t 3 ,s)v[t 2 - i,i]{t 3 ,h)(w [t3 - l , tl] {t 3 ,h),k> 1 > t 3 , 

(EHI A ^M(t 3 ,s)V [t2 ^ hl] {t 3l t 1 )W [t3 _ htl] {t 3 ,t 1 ){i 1 j) 1 t 1 >i>j,t 2 > s, 
EH) A flUSKfc, 0(2, l)^i[2,i](3, 1) . . . V„_2[„-i,i](n, 1), k > I > 2 
(EH) A (l2"T3D (7c. /)(*, i)^ ±x , fc > I > i > j- 
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Let us check three of these compositions as examples: 



([2Jl) A (US}™ = {k,l)V [ j- h i ] (i,j)(h,ji),k> i > j > I > h > ji, 
u-v = (i,j)(k,l)Vy_ ljl ](ix,ji) - (fc,OVy-i,i](ii,ii)(«,i), 

A C3J(*.*)V[t s -i,i](*2,ti)W[t3-Mi](*3,*i)(*,i) J * > a > *3,*i > * > J, 
u-« = (t3,«2)(*ia)V[t a -i,i](*a ) *i)W^ s _i l t 1 ](*,i)- 
(t, s) V [t2 _i,i] (t 2 , h)W [t3 -i, tl ] (i, j)(*3, 
w = (i,s)(t 3 ,i 2 )^ 2 _ lil] (t 2) t 1 )^ 3 _ l!ti] (i,j) = 

(*3, *a)(*, *)V[ ta -i,i] (t 2 , ii)W[t 3 -i )tl] 

dUt A (l2~T3l) w = (k,l)(i,j)5,k> l>i>j, 

u-v = (i,j)(k,l)S- (k,l)5(t + l,s + l),u = (t, s)S(k + 1, 1 + 1) = 
5(t + 1, s + l)(fc + 1, Z + = <5(fc + 1, 1 + l)(f + 1, s + 1) = 
<5(*+l,s + l)(fc+l,Z + l). 



Here we use that (fc + 1, Z + + 1, j + 1) = [i + 1, j + l)(fc + 1, Z + 1), n > k > I > 
i > j > 1 (case k = n should be treated separately). 

We proceed with intersection compositions of (]2.7[) with (|2.7[) . . . . , (|2. 14|) . The 
ambiguities are: 



(EU) a C2Kfc ) i)v [j --i, 1 ](»,i)w [a _i ) i](t,fl),* > i>t>s>j>i, 
(EH) a <Z3K*,0V[t a _i,i](<,t2)(t2,*i),* > ts,*2 > i, 

(1211) A ^22Ki3,*2)(*2,*i)V b -_i i i ] (i J j),*a >i>j>h, 

(Eli) a (EU)(fc, 0%-i,i](*3, ti)w [t2 _ 1A] (t 3 , t 2 ),k > t 3 ,ti > z, 

(EH) A e2J(t 3 ,*i)V[t !l _ 1 ](*3,t2)Wy_i > i](i,i),*a >i>j>h, 

a (mni)(fc, 0V[._i,i] (t, s)w^2-i,i] (t 2 , ti)w [t ,_ 1)tl] , a > t > s > i, t 2 > s , 
(1233 a G2l(t,«)V[ ta _ 1 ,i ] (t2,ti)w [ t,_i 1 t 1 ](t3,ti)i2 b -_i,i](i > j),t > h>i>j>,t 2 > s 
(H3) a (E^II) (fe, V" [s _i,i] (t 3 , T^ [t2 -i,i] (* 2 , ti)^ [f3 _i, tl] (t 3 , > t 3 ,t 2 > i,t 2 > s , 

(EHI A (I2Il)(t3,s)V [ t 2 _ 14] (i 2 ,<i)V^ [t 3_ l!tl] (t3,ti)i? b -i,i](* I i)^3 >i>j>h,t 2 > s, 
d2H A (221(2, l)V 2[2 ,i](3, 1) ■ ■ • V„_i[„_i,i](n, l)Wy_i,i](t, j),n > i >j > 1, 

d221) a $rn$(k,i)v u _ 1A] (i,j)5 ± \k> %>j>i 
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Let us check two of these compositions as examples: 



(EH) A (ZSJw = (k,l)V [tl _ 1A] (t 3 ,t 1 )W [t2 - 1 , 1] (t a ,t 2 ),k> i 3) ti > I, 

U-« = (t3,*l)(fe,0%-l,l] W 'it2-l,l]( t 3,<2) - (A,Z)V[ tl _i,i](i2,il)(t3,*l)W[t 2 _i,i], 
U=(t3,tl)(*3,t2)(fc,0V[t l -l J l] W '[ta-l,l] = (*2,*l)(t3,*l)(fc,0V[t 1 -l,l] W it a -l,l]. 

u = (t 2) ti)(A;,0%-i,i](t3,ti)W [t2 -i,i] = (t2 S ti)(t3 S ti)(*,0%-i,i]W [ta _ M ]; 
dHU A^ifl = (t3 > s)^_i,i ] (*2,ti)W[t 8 _i,t 1 ](*3,ti)Vy_i,i](i,j) J 

*3 > i > j > *1,*2 > S, 

U- V = (*2,s)(t3,s)V [t3 _ li i](t2,tl)W / [t3_i )tl ]Vy_ 1)1] (i,j), 
U= (iSjS)^-!,!]^,*!)^.!^]^", j)(*3,*l)Vy_i,i] = 
(*2,s)(*3.*)V[i a -i J i](t2,ti)W^ s _ Ml] (i,i)Vy_i,i] = 
(^,«)(*3,«)V[ ta -i J i](*2,*i)Wjfe_i 1 t 1 ]Vy-i,i](*,i)- 



We proceed with intersection compositions of (|2.8|) with Ij2.8|) . . . . , (I2.14p . The 
ambiguities are: 



A ESK*4,*3)(*3, *l)V[ t2 _i,i] (t 8 ,tl), 

(EH) a e3K* 3j «i)V[t a _i j i ] (t3,t2)(*2,ti),ta > ti, 
422) a(23DKM)(*, s)W [t2 _ lil] (t2,ti)w r [t 3 -i,t 1 ],^> t, 

a C3Kt,s)^ ta _i,i](t 2 ,ti)w [t ,_ Ml] (*i,to), 
(E^D A $MM{t4,t 3 )(t3,s)w [t2 ^ 1:1] (t2,t 1 )R [ta _ lttl] (t3,t 1 ) 

(E3B) a (E3D(t 3 , «)V[t a _ M] (t 2 , tijwit,.!,*,] (t 3 , ti)(*i, to), < 2 > «, 

(EJ) A (EHD(t, 2)(2, l)V 2[2!l] (3, 1) . . . F„_ 1[n _ M] (n, l),t > 2 
(E3) A <SI3)(t3,t9)(ta,ti)(*,i)« ±1 , > i > j > I- 



Let us check two of these compositions as examples. 
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We choose the following compositions; here we use Lemma |2~T1 



a $ZMw = (t,s)v [t2 _ hl] (t 2 ,t 1 )w [t3 _ 1 . tl] (t 3 ,t 1 )(t 1 ,t ), 

u-v= (t 3 , t 2 )(t, s)V [t2 _i,i](i2, ti)t^ 3 _ Ml] (ti, *o)- 
(t, s)V[ t3 -i,i] {t2,h)W[ t3 -i >tl ] (t 1 ,t )(t 3 ,t ), 

u=(t 3 ,t 2 )(t,«)V t2 _i il] (t2,*i)W^_ litl] (ti,to) = 
(t 3 ,t 2 )(t,s)%_i ) i ] (ti,to)(t 2 ,to)^ 3 _ 1)tl]) 

U = (t,s)^ [ t 2 -l,l](t2,tl)(tl,to)((W [t3 _ 1 , tl] )*) [t3 _ 1 , to] (t3,to) = 
(*,*)V[ ta _ 1( i ] (tl,*o)(t 2j *o)((W [t ,_ litl] )*) [t ,_ 1)to] (t3,*o) = 
(t3,t 2 )(t,s)%-l ) l](*l ) io)(*2,to)((W [t3 _ 1 , tl] )*){ t3 _ Mo] = 

flZXQ A (Z2J(i 3 , s)^[t 2 -i,i] ti)W [t ,_i, tl] (t a , ti)(ti,to),ta > a, 
u-v= (t 2 , s)(t 3 , s)V [t2 ^ 1A] (t2,t 1 )W( t3 _ 1M] (t u to)- 

(*3, sJVjta-i,!]^, tl)W[ t3 _i )tl ](tl,t )(*3i *o), 
US(t 2 ,s)(i3,s)V[ ta _i,i](t2,tl)(tl,tb)W^3_i 1 t 1 ] = 

(t 2 , s)(t 3 , s)V [ i 2 _i 1 i](ti ) to)(t2,to)^ 3 _ liti]) 

U= (t3 ) s)V[t 2 _l ) i](t2,*l)(tl,to)W^ 8 _ 1)tl ](t 3 ,to) = 
(*3, «)V[t a -l,l](tl.*0)(t2.*0)(W[ t ,-l, tl ])*(t3,*0) = 

(ta, *)(t 3 , *)V[t a _i,i](ti, to)(t 2 , to)((W [t ,_i, tl] )*) / = 
(*a, «)(*3, s)V[t 2 -i,i](ti,*o)(t2,to)W [ ' t3 _ litl] . 



Our next compositions will be l|2.9j) with (|2.9p - (|2.14p . The ambiguities of inter- 
section are the following: 



(EH A <ZSKt4,tl)V[t 8 _i > i](t4,t2)W [t ,_i 1 i ] (t4,*3), 

(EH) A C3Dl(t, s')V[ s -i,i] (t, s)W [t2 _ 1 , 1] (fa, ti)JJ[ t8 _ litl] (t 3 , ti), t > t 3 , ta > s > s', 

(EJOJ) A C3l(t,«)V[ ta _i J i](t2,tl)W [t ,_i ltl] (t3 1 ti)% a _i ll] (t3,t / 3) 1 t3 > t 3 > *1, 
(EH) A (EHK*3, S')^-1,1] (*3, S)% 2 -1,1] (*2, *l) flfa-Mj (*3, *2 > S > 
(EHU A (EU)(t3, S)^.!,!] (*2, *l)W [t ,_i itl] (t 3 , tl)-R[t 3 -l,l] (*3, t' 3 ),t 3 > t' 3 > ti, 
(E3H) A (EH)(2, l)^ 2 [2,i](3, 1) ■ • ■ K-i[„- M ](™, l)V[fc-i,i] (n, fc),n > k > 1, 

(EH A (H31(t3,tl)%-l,l](t3,t2)<J ±1 . 



Let us check one of the compositions: 
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dUni) A §Mw = (t,a)V[ fa _i 1 i](*2,ti)W[t 8 -i 1 t 1 ](*3,*i)%,-i 1 i], 
{t 3 ,t' 3 ),t 3 >t' 3 >t 1 , 

u-v = (*3,*a)(*,«)V[ t!l _i ) i](*a,*i)W[t,_ lltl ]-R[f s -i,i](t3,*8)- 

(t, (*2, tl)W [ts _ Ml] (t's, tl)(* 3 , tljii^-l,!], 

« = (t3 s t 2 )(t ) s)V [ta _i,l ] (t 2s tl)W^_ litl] (t 3 ,t / 3)ii[ti-l,l] = 

(i 3 ,i 2 )(i,s)V [t2 _i,i](i2,ii)M / [ t3_i :fl ]i?[t! i -i,i](t3,t! i )- 

Now we proceed with intersection compositions of (|2 . 10[) with (|2 . 10[) - (]2 . 14|) . The 
ambiguities are the following: 

AC3I9(*,a)V[ ta _i,i](t2,ti)w r [t3-i,t 1 ](*3,ti)x 

E[ S2 _i ) i](s2,si)T[ S3 _i )Sl ](s 3 ,si),t > t 3 ,t 2 > s,t 3 > s 3l s 2 > h, 
AjSIIJ(*»*)V[ ta -i,i](«a,ti)W' [t8 _ 1)tl] (ta,ti)x 

-R[ S2 -i,i]( s 2,si)T[ t3 _ liSl ](t 3 ,si),t > i 3 ,i 2 > s,i 3 > s 2 > £1, 

dillD A (EEKta, «)V[t 2 -i,i] (*a. *i)Wit,_i, tl ] (is, *i)x 
i?[ S2 _i,i](s 2 , si)T[ S3 _ 1>Sl ](s3, si),i 3 > s 3 ,s 2 > ti, 
(EH)) A l)^2 [2 ,i](3, 1) ■ ■ • K_i [n _i,i](n, l)x 

V[f a _i, 1 ](*a,*i)W[t»-i,ti](*3,*i),* > *s, 
HUD]) A<Z33K*,*)V[t a _i J i](ta,ti)W [ t s _i l t 1 ](t3,ti)« ±1 . 

Let us check one composition: 

(ODJ a = (t,«)Vf ts _i,i ] (*a,ti)w [t ,_ 1 , tl] (t 3 ,ti)x 

fl[ S2 _i ) i](s 2 , si)T[ S3 _ 1)Sl ](s 3 , si),i > i 3 ,i 2 > s,t 3 > s 3l s 2 > h, 
u-v= (i 3 ,t 2 )(i,s)V [t2 _ 1 , 1] (i2,ii)M / [ ' t3 _i itl ]X 

i?[ S2 _i i i](s 2 ,si)T [s3 _ 1:Sl] (s 3 ,si) - (i,s)Vj t2 _ 1:1 ](i 2! ii)W[ t 3_ 1)tl ](s 3 ,s 2 )(i3,ii)x 
R[s 2 -i,i]{s2,si)T{ S3 -i, Sl ],v = (i 3 ,i 2 )(i,s)V [t2 _i ! i ] (i 2 ,ii)W [ ' t3 _ 1)tl] (s3,s 2 )x 
-R[ S2 -i,i](s2,si)T [ ' S3 _ 1 si] = (t 3 ,i 2 )(t,s)V'[ t2 _i ) i](i 2 ,ii)W [ j 3 _ 1)tl] fl [s2 _i i i]X 
(s 3 , s 2 )(s 2 , si)T[' S3 _ liSl] = (i 3 , t 2 )(t, s)V [t2 _i A] (i2,*i)W r [ t 3 _ 1)tl ]iJ[ Sa _ 1)1] x 
(s 2 , si)(s 3 , si)7[' S3 _ Mi] = (i 3 ,i 2 )(i, s)V[ f3 _i,i] (i 2 ,ii)W / 3 _ l!tl] -R[ S2 _i,i] x 
(s 2 ,si)T [s3 _ 1:Sl] (s 3 ,si). 

Now we consider compositions of intersection of p. lip with (|2. 11112. 14]) : 

(EH]) A G33)(t3,«)V[t a _i 1 i](t2,ti)W r [ts _i 1 t 1 ](t3,ti)x 
^[82-1,1] ( s 2,si)T[ t3 _ ljSl] (i 3 ,si),t 2 > s,i 3 > s 2 ,s 2 > fi, 
(EH A HHI(2, 1)V 2[2)1] (3, 1) . . . y n _i [n _i,i] (n, 1) x 
R[t 2 -i,i](t2,ti)T[ n _ l tl ](n, ti), 

(EHJ) A<233Kt 3s «)V[t a -i,i](t2,ti)w r [t! ,_i 1 t 1 ](t3,ti)<s ±1 ,*2 > *. 
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We check one: 

(23UI A qnfy w = (n, »)Vf ta _i j i](t2,ti)W[ n _ lltl ](n, h)5, n = t 3 , t 2 > s, 
u-v= {t2,s){n lS )V [t2 ^ ltl] {t2MW [n - 1M] 8- 
(n,s)V[ ts _i 1 i](ta,ti)W [n _i |tl ]<y(ti + 1,1), 
u = 5(t 2 + l,a+ l)(s + 1, l)V M (t2 + l,ti + l)W^ tl+1]) 
where W [nM+l] (t x + 1, 1) = (t x + 1, l)Wft (tl+1] , 

V = 6(s + 1, l)P[ t2 , 2] (t 2 + 1, h + l)W Ktl+1] (t X + 1, 1) = 

6(s + 1, l)V [t2i2] (h + l,h + l)(ti + 1, l)Wj^ itl+1] = 

<5(s + 1, l)V [t2i2] (t 2 + 1, l)(ta + l,h + l)Wft, tl+1] = 

6(s + 1, l)(ia + 1, l)%, 2 ](t2 + Mi + l)W^ itl+1] = 

*(t 2 + 1, s + + 1, l)V[ ta)2] (i a + l,ti + l)W£ itl+1] . 
To finish with the case of compositions of intersection, we only need to consider 

A HZHJlu; - (2, l)F 2 [2,i](3, 1) • ■ ■ V n _ lln _ hl] (n, 1)6^. 
We check one composition: 

dill A ilw = (2, l)V 2[2) i](3, 1) . . . F n _i [n _ 1 ,i ] (n, 1)5, 

« - " = ^'[2,1] • ■ ■ K-i[n-i,i] <5 - ( 2 ' Wp,!^. 1) • • ■ f»-i[»-u]*(2. 1), 
u = 5 2 F 2 '+ x] . . . V^+ 1[n _ ljl]5 where R+ = R\ {x ^ {x+hy +i), 
v = 6(3, 2)V+ 21] (4, 2) . . . („, 2)V+_ 1[n _ 1A] (2, 1) = 
5(2, 1)(3, 1)^(4, 2) . . . (n, l)C_* 1[n _i,i] = 

^(^i])'---(V; + -i[n-i,i])'- 
It is easy to see that 

^-i.^c^-W' 2 ^^"- 1 ' 

identically, see also Lemma |2~T1 Indeed, 

^[i-1,1] = (V\(x,y)^(x, y), y=£l,(x,l)v->(t,x)) + = V\ ( x ,y)^(x+l,y+l),y^l,(x.l)^{t+l,x+l), 

= (((V| 2))[t,2])*)' - 

(V|(a;,a)i-v(a!+l,a+l),y^l,(a;,l)i->(ai+l,l))[t,2] = ^l(x,v)i->(ai+l,v+l),v#l,(a;,l)i-^(t+l,a:+l)- 

Now we proceed with compositions of including of relations (|2.6p - ()2.14|) . First of 
all, if a word (fci, h)(ii, ji), fci > h > h > ji is a subword of words V, W, ... of left 
parts of (|2.7p - (|2.12p . then the triviality of the corresponding compositions is clear. 
Let us list other ambiguities, using the same notations for (12.6|) - (|2.14|) as before: 

(EU) v C2KM)(*i, h)V\j-i](i, j),i > h > ji, 
(USD v ^M(t 3 ,t 1 )(i,j)v lt2 ^ 1] (t 3 ,t 2 ),t 1 >i>j, 

$ZM V J22Kt,s)(*,j)Vi ta _i,i ] (t2,ti)W [t ,_i, tl] (ta,ti),fl > * >i, 

(EUl) v d23Kt 3 ,s)(i,j)v[t 2 -i,i](*2,*i)w [t 3_i, tl] (t3,*i),s > i > j. 



All these cases are clear. 
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For (l27l)- (l2~14l) : 

(22j v ini(fc,o%-Li](H,ji)%-i](y)j' > h > ji > i 

(238 v e2Kt3,*i)Vy_i,i](t ) i)w [t!1 _ 1] (t3,t2),t2 >i>j>h, 

(EHOH v <HZZP(*, s)Vy_i i i](i,i)w [ta _ ljl ](t2,ti)iZ[t3- 1 ,ti](*3,*i),*2 >i>i >s, 

duo]) V ^(t,«)V[ ta _i,i ] (ta,*i)Wi J -_i ltl ](i ) i)iJ [t ,_i,t 1 ](*3,*i),*a >i>j>t u 
(EH) V ^(ts,*)V r [j -_ lil] (i s j)Wt ta _i i i ] (t3,* 1 )ii [t ,_i 1 t 1 ](t3,* 1 ),«a > * > J > «, 

(23]} V(22K*3,*)V[t a _l ) l](t2,W 

(232) v i)V2 [2 ,i] (3, i) • ■ ■ (A, (*, i)«*[k,i] ■ ■ ■ ( n > *)> 

k > % > j > 1. 

Now let us work out the second composition of (|2.11| - (|2.7p : 

HUT]) V(22)u> = (*3,s)V[t a _i J i](t2,tl)Wy_i itl] (i,i)iJ [t 3_ 1 , tl] (t3,tl),*2 > i > j > h, 

u-v= (t2,s)(t 3 ,s)V [t2 _ hl] (t 2 ,t 1 )W( J ^ lti] (i,j)R' [t3 ^ lti] - 
(*3,s)Vj t2 _i,i](i, i)(t2,ti)W b -_ litl] i? [t3 _ litl] (t 3 ,fi), 

U = (*2,s)(t3,s)V[ i2 _i >1] (t2,*l)(i ! i)Wy_ 1)tl] i?( t3 _ l!tl] 

(for W r y_ 1)tl i = (W / [' J _i i t 1 ])[t 3 ,ti+i] and we can assume that j > ti + 1, 
otherwise %_ Ml] = 1) = (* 2 , s)(t 3 , s)V [t2 _ 1A] (i, j){t 2 , ti)Wy_ Ul] R' [t3 _ ltti] , 

v = (t2,s)(t 3 ,s)V'[ i2 _i > l](i ! i)(t2,tl)W r y_ 1)tl] -R[ t3 _i )tl] . 
For (|2^ ]) - (pJ4jl : 

(239 v e3K*3,ti)(ti,ti)V[t a -i](t3,t2),*i > *i, 

eiID)ve^(*,*)(*,« / )V[t a _i > i](ta,*i)W' [t ,_i itl] (t3,*i),*>« / , 
V^(t3,a)(«,a')V[i a -i,i](*2,*i)W [ t3-i,t 1 ](i3,*i),a>a / . 

For (l23j) - (l2~14l) : 

jUD]) V 6i9(t,*)V[t !1 _ 1) l](t2,*l)W [ t a _l, tl ](i a) 4)-R[t s -l,t 1 ](*3,*l),*2 > 4 > *1, 

(231]) V ^(ta.^^-i.ij^.tO^-i.tjfe.^J^ts-i.t!]^,*!)^ > 4 > ti. 
Let us work out the first composition: 

(23D) V (22N = (t,a)V[t !I _ 1) i](t2,ti)W [t /_ 1) t 1 ](t2,^)i2[t s -i 1 t 1 ](*3,ti),ta > 4 > *i, 

W-U = (t3,t2)(t,s)y [ta _ 1 , 1] (t2,tl)^ 2 _ l!tl] (t2,4)^ t3 -l, tl] - 

(t, (4,*i)(*a,*i)W K _ 1)tl] %,_ 1 , tl] (t 3 ,ti), 

W = (t3 I t2)(t I s)^ a _ 1)1] (t2,tl)(f2,t 2 )^ 2 -l,n]43-l,t 1 ] 

(for W[' ti _ 1>tl] = (W / [' 4a _i )tl ])[t 3) t 1 +i] and 4 > *i + 1= otherwise W^-i.tj = 1) 

= (t3,t2)(t ! s)y [ t a _i,i ] (4,ti)(i2,ti)W[; 2 _ Ml]J R{ t 3_ Ml] , 

V = (t 3 ,t 2 )(t, (4, *l)(*2, _ litl] i?[ t3 _ litl] . 
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Theorem 2.7 is proved. 

4. Corollaries 

Let S C k(X). A word u is called S-irreducible if u ^ asb, where s E S, a, b E X*. 
Let Irr(S) be the set of all S-irreducible words. 

Recall Shirshov's Composition lemma ([12], [3J, [1]) : 

Lei S be a Grobner-Shirshov set in k(X). If f £ ideal(S), then f = asb, s E S. 
T/ie converse is also true. 

The Main corollary to this lemma is the following statement ([TO], [3J, [1]): 

^4 subset S C is a Grobner-Shirshov set iff the set Irr(S) is a linear basis 

for the algebra k{X) /ideal(S) = k(X\S) generated by X with defining relations S. 

Let G = sgp(X\S) be the semigroup generated by X with defining relations S. 
Then S is called a Grobner-Shirshov basis of G if S is a Grobner-Shirshov basis of 
the semigroup algebra k(G), i.e., 5 is a Grobner-Shirshov set in k(X). It follows 
from the Main corollary to the Composition lemma that in this case any word u in 
X is equal in G to a unique S'-irreducible word C (u) , called the normal (canonical) 
form of u. 

Now let S be the set of relations (|2.6p - (|2.14[) , and let C(u) be a normal form of 
a word u 6 B n . Then C(u) has a form 

C(u) = S k A, 

where k E Z, and A a positive S'-irreducible word in a^i,j)'s, C(A) = A. Then 
A ^ 8 At for every positive word A\ : otherwise A = 5C(A±) identically, that is 
impossible. 

As a result, we have the following 

Corollary 4.1. The S -irreducible normal form of a word of B n in Birman-Ko-Lee- 
Garside generators coincides with the Birman-Ko-Lee normal form of the word. 

Proof. Recall ([2]) that the Birman-Ko-Lee normal form G(u) of u E B n is 

G(u) = S k A, 

where u = G(u) in B n , k £ Z, and A is a positive word in ari,j), A ^ AA\ for 
every positive word A±, and A is the minimal word with these properties. We have 
proved that the S-irreducible normal form C(u) has these properties. □ 

Corollary 4.2 (|2J). The semigroup of positive braids B+ in Birman-Ko-Lee gen- 
erators can be embedded into a group. 

Proof. It follows immediately from Theorem 2.7 that J5+ G B n . □ 
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